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Nomenclature

A = cross-sectional area of stream tube (ft2)
a = particle concentration
Cp = specific heat (Btu/lb°R)
dp = particle mean diameter (ft)
g = gravity constant
/ = mechanical equivalent of heat
kg = coefficient of conductivity for the gas (Btu/hr ft°R)
P = gas particle suspension pressure
p = pressure of gas-only flow
pr = Prandtl number
Rg = gas constant
Re = Reynolds number
p = the gas-only flow density (lb/ft3)
pg — the gas density in gas particle flow (lb/ft3)
pp = the particle density (lb/ft3)
pp = solid particle material density (lb/ft3)
T = the gas-only flow temperature (°R)
Tg = the gas temperature in gas particle flow (°R)
u = gas-only flow velocity (fps)
ug = gas velocity in gas particle flow (fps)
Up = particle velocity (fps)
W = mass flow rate of gas particle mixture or mass flow rate of

gas-only flow in a stream tube (Ib/sec)

Superscripts
' = nondimensional parameter

Subscripts
g = gas
p = particle
I = condition at starting point of the stream tube
0 = total conditions

Introduction

THE pressure distribution on the blade in cascade increases
with the introduction of solid particles to the gas flow.1-2

The forces on the blade are larger thus requiring a stronger
blade design. In this work, a theoretical approach to esti-
mate the pressure distribution on the blade surface for a par-
ticulate gas flow for incompressible and compressible cases
was developed. Gas flow without particles past a cascade
was considered first. It was assumed that an experimental
pressure distribution on the blade surface is known for given
gas flow and inlet conditions. It was assumed that two
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stream tubes exist in the flowfield around the blade; one at
the suction side and one at the pressure side. The gas flow
without particles was used to determine the nondimensional
area of the stream tube as function of the given pressure dis-
tribution and inlet gas conditions of the nonparticulate gas
flow. The governing equations for the particulate flow were
formulated for incompressible and compressible cases. The
resulting differential equations were solved numerically for the
pressure distribution and the particulate flow properties.
The different parameters in the governing equations were
nondimensionalized with respect to values at a starting point
1, which is in the vicinity of the blade leading edge. These
parameters are expressed as follows in Eq. (1)

T' = T/Tl p' = p/pi u' = u/u, p' = p/pl P' = P/Pl

U'g = Ug/Uffl T'g = Tg/Tgi p'g = fig/fig^ U* p = Up/Uffl

p'p = pp/pgi T'p = TP/T01 (1)

A' = A/Ai = l/u' (Incompressible case) (2)

A' = A/Ai = l/u'p' (Compressible case) (3)

The definition of the particle concentration a is expressed as

a = WP/(Wp + W0) = Wp/W (4)

Incompressible Flow

The continuity and momentum equations for gas-only flow
are

(l/u)du/ds + (l/A)dA/ds = 0

pudu/ds — — (gdp/ds)
(5)
(6)

Substituting Eq. (5) into Eq. (6) and putting the resulting
equation in nondimensional form by using Eq. (1), one gets
an expression for the rate of change of stream tube nondimen-
sional cross-sectional area as a function of the rate of change
of the nondimensional gas without particles flow pressure.

dA'/ds = (Af/u"i)(gpl/pu^(dp'/ds) (7)

where u' is given by

The equation for the drag force on the solid particles, the
momentum equation of gas and particles, and the continuity
equation of gas are

ig/ppdP^(Ug — Up) (9)

— a)dua/ds + adup/ds] (10)

updup/

dP/ds = -(

PgUgA = (1 - a)W (11)

Differentiation of Eq. (11) and substitution of Eqs. (1) and
(7) into the resulting differential equation results in

du'Jds = —(u'J.
- (u'a/u'*} (gpJpuS) (dp'/ds) (12)

Substituting Eq. (1) into Eqs. (9) and (10), they take the
nondimensional form

u'pdu'p/ds = (l%»a/ugippdp*)(u'0 - u'p) (13)

dP'/ds = -pgUg*/gPiA'[du'a/ds + (a/I - a)du'P/ds] (14)



SEPTEMBER 1971 ENGINEERING NOTES 737

20.0

I

LJ 10.0

CO
LJ
IT
Q_

o.o
o

—^- FLOW WITHOUT PARTICLES
PARTICULATE FLOW:

EXPERIMENTAL
• cx=0.06
° cx=0.09

——— THEORETICAL

0.0 0.5 1.0
X AXIAL DISTANCE, IN.

1.5

Fig. 1 Comparison between theoretical and experimental
pressure distribution, incompressible flow.

A numerical solution of the flow governing Eqs. (12-14)
yields the pressure distribution on the blade surface for a gas-
particle flow for incompressible flow conditions.

Compressible Flow

For a gas passing through a stream tube the continuity,
momentum, energy, and equation of state can be manipulated
together with Eq. (1) to obtain the rate of change of the
stream tube nondimensional area distribution as

dA'/ds = [R0/JCpaTf + (gpi/p&tfl/u'* - l/T'} X
(A'/P')dp'/ds (15)

The energy equation of particulate flow can be written in non-
dimensional form using Eq. (1) as.

dT' _ = T'0dAr

ds ~ A' ds (1 - «) gPi
du'gT'

In nondimensional form, the equation of momentum of gas
particle flow is

dP'/ds = -(pa^*/gPiA'){du'a/ds + [a/ (I - a)]du'P/d8]
(17)

The equation of state for the gas can be differentiated and
written in nondimensional form using Eq. (1). Elimination
of dp'/ds between the resulting equation and Eq. (17) results
in the following expression

dT
ds
:.= 2 '̂ /_c^\J^_ _

A' ds \l - a gRgTgi

f du'p
° ds

-̂' (18)

From Eqs. (16) and (18) one obtains

du'n _
A' ds (I - a) ds

gP,

The equation for the heat transfer between solid sphere par-
ticles and the gas flow can be derived in the nondimensional
form as follows
, dT'

ds -(T'p- T'g)(2

(20)
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Fig. 2 Comparison between theoretical and experimental
pressure distribution, compressible flow.

The equation of the drag exerted on the particles by the gas
flow in nondimensional form was found to be

, du'p _
' P 7 — (U a — U p)

0.48 (21)

Equations (16, 17, and 19-21) are the gas particle suspen-
sion governing equations. These differential equations were
solved numerically2 for the value of the pressure of the par-
ticulate flow at the surface of the blade in the cascade nozzle
for compressible flow cases.

Experimental Facilities

A special cascade tunnel3-4 that provides a gas particle flow
mixture was used in the experiments. A high-speed camera5'6
was used to evaluate the particle's average initial velocity,
U.pi

Comparison Between Experimental and
Theoretical Pressure Distribution

The particles used were pp = 68.673 lb/ft3 and dp = 1000 /*•
Figure 1 shows the comparison between experimental and
theoretical results for the incompressible flow case. The
theoretical estimation gives fair agreement with the experi-
mental data for the pressure distribution on the blade pressure
side, while it slightly overestimates the value of the pressure
near the rear half of the blade suction side. Figure 2 shows a
good agreement between the experimental and theoretical re-
sults for the compressible flow case.

Figure 3 shows the effect of compressibility. It is noted
that the deviation from the compressible case is smaller for the
pressure side than for the suction side. Also, it is observed
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Fig. 3 Comparison between theoretical and experimental
pressure distribution, compressibility effects.
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that the deviation starts at the rear part of the airfoil where
the gas velocity is higher.

Conclusion

The theoretical method developed here gives good agree-
ment with experiments for different flow conditions in the in-
compressible and compressible flows. This theoretical
method provides the designer with a means of estimating the
forces on the blade in cascades. It has been observed that
the compressibility effects are practically insignificant. This
effect increases, however, with increasing a and is more pro-
nounced at the rear part of the blade.
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Position of the Thrust Line and
Longitudinal Stability
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A =
c =
CD =
CL =
CM =
Cmu =
Cma =
Cxu =
Cxa =
Czu =
Cza -
D
e
Fx
Fz
g
L
M

Nomenclature!
aspect ratio
mean chord
D/(qS) = drag coefficient
L/(qS) = lift coefficient
M/(qSc) = moment coefficient

sdCL/dcx
(l/Sq)(Vd/t>V)Fx « -2Cj>
(l/Sg)(b/da)Fx « CL(l -
(l/Sq)(Vd/()V)F* « -2CL
(l/£g)(d/doOFz » -dCL/da
drag
efficiency factor in CD = CDO + Ci?/(ireA)
T — D = horizontal force
mg — L — vertical force
acceleration in free fall
lift
aerodynamic moment
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t Time derivatives are denoted by dots over letters.

M c.g. = M + TZTC = over-all moment
m = mass of the airplane
q = JpF2 = dynamic pressure
s = static margin (negative) expressed as a fraction of the

chord
S — wing area
T = thrust
V = true airspeed
ZT = vertical displacement of the thrust line (positive down-

ward) expressed as a fraction of the chord
a = angle of attack
7 = flight-path angle
5 = denotes a small variation in a quantity
f = damping ratio
q = L/D
a? = angular frequency

Introduction

THE phugoid motion is usually assumed to take place at a
constant angle of attack.1 The present Note points out

that this is only true so long as the thrust line is not appre-
ciably displaced from the airplane c.g. Expressions for the
frequency and damping of the phugoid, which are valid when
a displacement of the thrust line does occur, are presented.

The effect of a displaced thrust line on the frequency is
easily appreciated qualitatively. Suppose the thrust line is
below the c.g. In this case there exists a nose up thrust
moment that is balanced in straight and level flight by a nose
down aerodynamic moment. The two moments depend dif-
ferently on airspeed, therefore a change of airspeed disturbs
the balance. As the airplane noses down and picks up speed,
the nose down aerodynamic moment overcomes the nose up
thrust moment and tends to push the nose further down.
This cuts down the "restoring force" and with it the frequency
of the phugoid. This qualitative argument is borne out by
the quantitative analysis below. The analysis shows that
the damping of the phugoid is also reduced. It is found
that a large displacement of the thrust line below the c.g. re-
sults in unstable phugoid oscillations and eventually in non-
oscillatory divergence.

The analysis is carried out explicitly for a conventional low-
speed airplane with the variation of thrust with airspeed ne-
glected. Results of a more general analysis applicable to a
general airplane are also presented.

Equations of Motion

The equations governing the phugoid motion are

mVy = L — mg cos7 (1)
mV = T - D - mg siny (2)

0 - M + TZTC (3.)
The last equation expresses the balancing of moments. It is
assumed that a short period response of high frequency and
damping makes sure that the moments are always very nearly
balanced and angular accelerations may be neglected.

Consider a steady straight and level flight condition in
which

7 = 0 (4)

L = mg (5)

D = T = rj-lmg (6)

M = -Tzrc 00

When Eqs. (1-3) are linearized around this condition, one
finds

mVdy = dL

mdV = 8T - 5D - mgdy
0 = dM + 8TZTC

(8)
(9)

(10)


